Math 704 Problem Set 4
due Monday 3/3/2025

In the following problems A is a given lattice in C and g = g4 is the Weierstrass elliptic function
associated with A.

Problem 1. Suppose f € M(C, A) has poles of order 2 along A and no other poles.
Show that f = ap + b for some constants a,b with a # 0. (Hint: Use res(f,0) = 0
to verify that the principal part of f at every w € Aisa/(z — w)? for some a # 0
independent of w.)

Problem 2. Recall that E; is the Weierstrass elementary factor
72
Ex(z) = (1 —2z)exp <z + §>

(i) Show that the Weierstrass o-function associated with A, defined by the
infinite product

z
o(z)=z [] E2(=),
weN* (w )
converges compactly in the plane, so o € O(C).
(i) Use logarithmic differentiation to show that — (¢’ /o)’ = p.

Problem 3. Consider the lattices A = (w1, wy) = {mwy + nw, : m,n € Z} and
N = (w},wh), with Im(wp/w1) > 0 and Im(w}/w]) > 0. Show that A = A’ if

and only if
wy| |a b] wo
w] e d| |wy

forsomea,b,c,d € Z with ad — bc = 1.

Problem 4. Show that there is a linear map z +— az carrying A’ = (1,7’) onto
A = (1,7) if and only if

b
T = at + for some a,b,c,d € Z with ad —bc = 1.
cT+d
Prove that in this case
Imt
2 _
o = Imt

and
o (z) = a?pp (az).

(Hint: Assuming there is an & # 0 with aA’ = A, use problem 3. For the last claim
on the p-functions, use problem 1.)
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Problem 5. Think of the invariants gy, g3 of the lattice A = (1, T) as functions of T
in the upper half-plane. Show that

at+b\ 4
o (55) = ot

at+b
o (Frrg) = (crrdlsa(o)

whenever a,b,c,d € Z and ad —bc = 1. (Hint: Use problem 4 and the series
definitions of ¢, g3.)

Problem 6. Let T = ¢/"/3. Show that the invariant g>(7) is zero.



